A new model for calculating nuclear level densities is investigated. The singlenucleon spectra are calculated in a relativistic mean-field model with energy-dependent effective mass, which yields a realistic density of single-particle states at the Fermi energy. These microscopic single-nucleon states are used in a fast combinatorial algorithm for calculating the non-collective excitations of nuclei. The method, when applied to magic and semi-magic nuclei, such as 60 Ni, 114 Sn and 208 Pb, reproduces the cumulative number of experimental states at low excitation energy, as well as the s-wave neutron resonance spacing at the neutron binding energy. Experimental level densities above 10 MeV are reproduced by multiplying the non-collective level densities by a simple vibrational enhancement factor.
Introduction
Nuclear level densities have been a lively field of research for over sixty years since the pioneering work of Bethe [1] . The subject is interesting both from a purely theoretical point of view (the problem of a quantum many-body system with continuum excitation energy), as well as from a perspective of applications (e.g. an essential ingredient of statistical models of nuclear reactions).
Owing to their computational simplicity, phenomenological formulae for nuclear level densities with parameters adjusted to empirical data available at low excitation energy (cumulative numbers of discrete levels and s-wave neutron resonance spacings), have been used for many years. Their extrapolation to those regions of the periodic chart where there is no experimental information is, however, doubtful. The calculation of nuclear level densities should be rather based on microscopic structure models, and should make use of fast computational algorithms in order to deal with huge numbers of states that increase exponentially with excitation energy [1] .
In this work we investigate a new model for calculating nuclear level densities. The method combines an efficient combinatorial algorithm based on the Gaussian polynomial expansion of a generating function [2] , and an improved relativistic mean-field structure model with energy-dependent effective mass [3] . The microscopic structure model not only reproduces the bulk nuclear properties over the whole periodic chart, but it also yields realistic densities of single-nucleon states around the Fermi energy, an essential requirement for a self-consistent mean-field approach to nuclear level densities.
In Section 2 we outline the relativistic mean-field model with energy-dependent effective mass. The combinatorial algorithm for calculating nuclear level densities is described in Section 3. In this work applications are limited to magic and semi-magic nuclei. Empirical data at excitation energies above 10 MeV can be reproduced at the price of introducing a vibrational enhancement factor, described in Section 4. Our numerical results are compared with experimental data in Section 5. In Sec. 6 we summarize the results and present an outlook for future applications.
Relativistic Structure Model
The microscopic nuclear structure model adopted in the present work is described in detail in Ref. [3] , where it has also been applied in the calculation of single-nucleon states in magic nuclei, e.g. 132 Sn and 208 Pb. In order to make the present analysis self-contained, the essential features of the model are summarized in this section.
In the relativistic mean-field approximation [4] , nucleons are described as point particles that move independently in mean fields which originate from the nucleon-nucleon interaction. The theory is fully Lorentz invariant. Conditions of causality and Lorentz invariance impose that the interaction is mediated by the exchange of point-like effective mesons, which couple to the nucleons at local vertices. The single-nucleon dynamics is described by the Dirac equation
σ, ω, and ρ are the meson fields, and A denotes the electromagnetic potential. g σ g ω , and g ρ are the corresponding coupling constants for the mesons to the nucleon. The lowest order of the quantum field theory is the mean-field approximation: the meson field operators are replaced by their expectation values. The sources of the meson fields are defined by the nucleon densities and currents. The ground state of a nucleus is described by the stationary selfconsistent solution of the coupled system of the Dirac (1) and Klein-Gordon equations:
for the sigma meson, omega meson, rho meson and photon field, respectively. Due to charge conservation, only the 3rd-component of the isovector ρ meson contributes. The source terms in equations (2) to (5) are sums of bilinear products of baryon amplitudes, and they are calculated in the no-sea approximation, i.e. the Dirac sea of negative energy states does not contribute to the nucleon densities and currents. Due to time reversal invariance, there are no currents in the static solution for an even-even system, and therefore the spatial vector components ω, ρ 3 and A of the vector meson fields vanish. The quartic potential
introduces an effective density dependence. The non-linear self-interaction of the σ field is essential for a quantitative description of properties of finite nuclei.
The effective single-nucleon potential is essentially given by the sum of the scalar attractive σ-potential and the vector repulsive ω-potential. Both potentials are of the order of several hundred MeV in the nuclear interior. The contributions of the isovector ρ-meson field and the electromagnetic interaction are much smaller. In the relativistic Hartree mean-field approximation the nucleon self-energy is real, local and energy independent. However, due to the momentum dependence of the scalar density or, equivalently, the momentum dependence of the Dirac mass in the non-relativistic reduction of the Dirac equation, even in the Hartree approximation the equivalent Schrödinger potential is nonlocal, i.e. momentum dependent [3] .
In applications of the standard relativistic mean-field model to the description of ground state properties of spherical and deformed nuclei, the approximation of the real, local and energy independent nucleon self-energy leads to the well known problem of low effective mass, i.e. low density of single-nucleon states close to the Fermi surface. The problem of defining, in the relativistic framework, a local energy-dependent potential equivalent to a microscopic non-local potential, was discussed in detail in Ref. [5] . In a subsequent article [6] the same authors applied the relativistic Brűckner-Hartree-Fock approximation to the calculation of dispersion relations that connect the real and imaginary parts of the Lorentz components of the mean field in symmetric nuclear matter and showed, in particular, that the total dispersive contribution to the real part of the mean field depends almost linearly on energy, E, in an interval of half-width 10 MeV around the Fermi energy E F .
The effect of non-locality in space and time of the underlying microscopic potential on the equivalent local and energy dependent potential in a relativistic theory, is conveniently expressed in terms of an effective nucleon mass m * . The effective mass should not to be confused, however, with the Dirac mass, m D = m + g σ σ, appearing in Eq. (1). The latter is always smaller than m, due to the fact that g σ σ is an attractive potential, of the order of 0.5m in the nuclear interior, and very close to m at the surface, where σ goes to zero. As shown in detail in Refs. [5, 6] , the effective mass which is directly connected with the density of single particle states around the Fermi energy E F , i.e. the crucial parameter of any nuclear state density model, can be defined as follows:
where V e (E) is the real part of the energy-dependent Schrődinger-equivalent potential. In symmetric nuclear matter V e reads [5] :
where V σ(ω) is the real part of the σ(ω) potential. Eqs. (7) (8) show that in the standard mean-field approximation, when V σ and V ω do not depend on energy, the effective nucleon mass is also energy independent. The theoretical results of Ref. [6] can be phenomenologically reproduced by assuming that V σ and V ω are linear functions of E in an energy window of half-width, ∆E, of the order of 10 MeV centered at E F . In addition, we shall make the same simplifying assumption as in Ref. [3] , dV σ /dE = dV ω /dE = α, or, equivalently
With this assumption, m * (E) becomes a linear function of E in the same energy window:
In the case of finite spherical nuclei, considered in Ref. [3] and in the present work, V σ and V ω are, of course, functions of the radial coordinate and so is the effective nucleon mass. However, as opposed to the Dirac mass m D , m * (r, E) might become greater than m, provided α is negative and large enough.
It is also important to point out that the present definition of m * can be directly compared to the effective mass in non-relativistic models aimed at reproducing the empirical nuclear state densities, such as the model of Ref. [7] which accounts for the observed decrease of the level density parameter a = π 2 6 g (E F ) of the Bethe formula [1] with increasing excitation energy or temperature, from the average value of A/8 MeV −1 at T ≤ 1 MeV to A/11 MeV −1 at T ≃ 2.5 MeV in the mass region A ≃ 160. Since the single-particle level density at the Fermi energy, g (E F ), is empirically proportional to the mass number A and, in the model of Ref. [7] , depends almost linearly on m * (E F ), we expect that our m * (E F ) is approximately linear in A in the same mass region. The density-averaged effective mass of Ref. [7] ranges from 1.12m at A = 40 to 1.13m at A = 210. These values are corroborated by a recent analysis [8] of neutron resonance spacings of several stable nuclei, which yields an average value m * (E F ) /m = 1.09 ± 0.13.
If, according to Eq. (9),the effective potential in the Dirac equation (1) is a linear function of E, this defines a generalized eigenvalue problem
whereĤ D is the energy independent Dirac Hamiltonian andĀ denotes the matrix that contains the linear energy dependence. The problem can be solved exactly; the technical aspects of the solution are discussed in Ref. [3] and will not be repeated here.
We conclude this section by noting that, as is well known from non-relativistic theories, the energy dependence of the nucleon self-energy can be described microscopically in terms of the coupling of single-particle states to surface vibrations (see, e. g., Ref. [9] ). This can be also done in a relativistic framework, by coupling the single-particle states generated in the energy-independent mean-field approximation to surface vibrations calculated in the relativistic random phase approximation. The present phenomenological approach can be considered as a preliminary quantitative evaluation of the impact of particlevibration coupling on the calculation of total level densities in spherical nuclei.
Combinatorial Algorithm
Several techniques for an exact treatment of the problem of generating the full many-body physical state space for simple nuclear models can be found in the literature. An example is the odometer approach to the generation of multi-particle configurations adopted by Hillman and Grover [10] , which is simple, but not efficient enough to be used in the case of heavy nuclei at high excitation energy. Berger and Martinot [11] proposed the use of a fivevariable generating function, whose power expansion coefficients determine the number of nuclear states with given numbers of proton particles, proton holes, neutron particles and neutron holes at a given excitation energy. This approach has been generalized by Hilaire, Delaroche and Girod [12] and applied to the calculation of nuclear level densities based on single-particle states that were generated by the density-dependent Gogny interaction in the selfconsistent Hartree-Fock-Bogoliubov model. The approach of Ref. [12] and our work present some analogies, which will be discussed here and in the following sections.
Our combinatorial method starts from a generating function expanded in Gaussian polynomials of arguments suited for labeling nuclear states, originally introduced by Sunko [13] , who showed that such a function permits the full Racah decomposition in single j shell (see, e.g. Ref. [14] ):
where R(2j + 1) is the seniority group (orthogonal for bosons and symplectic for fermions). In particular, the generating function which corresponds to the above decomposition for a system of n identical fermions in a j orbital reads [13] V f (2j + 1, n; q) = G(2j + 1, n; q) − G(2j
where
The expression in square brackets denotes the Gaussian polynomial [15] in q of order 2J max = n(2j + 1 − n); n being the number of unpaired particles (n ≤ (2j + 1)/2 because of the Pauli blocking). The coefficient of q M in the expansion of the generating function (12) gives the multiplicity of the manybody state with seniority s = n and total angular momentum projection M. The generalization of the method to the multilevel case is straightforward: the generating function is the product of the generating functions (12) of individual levels. This completes the formalism needed for the effective generation of the full state space that diagonalizes the schematic Hamiltonian
Here,n i denotes the number operator in the i-th single particle level with energy ǫ i and angular momentum j i .Ŝ
± are quasi-spin operators [16] . The model Hamiltonian consist of the usual mean-field part and a diagonal pairing interaction with constant strength G. The contribution of the pairing correlations to the total energy reads
It is important to note that our simplified residual pairing interaction conserves seniority, which is not realistic, but the implementation of the computational algorithm is straightforward. The present method represents an extension of the model with diagonal pairing in deformed doubly degenerate states, previously employed by Williams [17] . It has been shown [18] that the correlations in Eq. (15) can destabilize the shell model ground-state, inducing a transition to a superfluid phase.
In the Gaussian polynomial method (GPM) the calculation is scaled down from the number of states to the number of levels, and we emphasize that the method gives the exact state space for the model defined by Eq. (14), taking into account the full Racah decomposition of the many-body states with angular momentum projection M, seniority, energy, and parity as good quantum numbers.
The GPM is implemented in the computer program package SPINDIS [2] , which contains various applications for calculating the total level (or state) densities and spin-parity distributions for the model defined by Eq. (14) . By using recursion relations [15] for the coefficients in Eq. (12), SPINDIS allows high-speed computation. This part of the program, called distribution generator, is served by a many-body level-configuration generator consisting of four odometers, which control the following quantities:
(1) pairs coupled to zero angular momentum, promoted among the available levels (with Pauli blocking taken into account); (2) unpaired particle configurations (input for the distribution generator); (3) number of unpaired protons (neutrons); (4) total number of broken pairs.
The energy corresponding to each many-body configuration is calculated by using the expression Eq. (15) for the pairing contribution. As it is well known, the basic problem in the generation of multi-particle configurations is that only a small fraction of the lexicographically generated levels is found below the chosen excitation energy cut-off. A detailed description of the algorithm for generating the multi-particle configurations is given in Ref. [2] . However, it is important to emphasize that the algorithm generates all possible states, i.e. not even a single state is lost up to the excitation energy cut-off. This is shown in Fig. 1 , where we compare the state density of 208 Pb up to 50 MeV calculated by the SPINDIS algorithm with the one calculated by the saddle-point approximation to the inverse Laplace transform of a grand-canonical fermion partition function. The latter approach to non-collective state density has been used for years, and is known to be very reliable, provided the excitation energy is not too low. Above the neutron binding energy, the numerical results are in very good agreement, so that the two methods are mutually corroborated. The input parameters of the calculation will be discussed in Section 5. We note that at the excitation energy of ≈ 50 MeV the state density ω ≃ e 46 MeV −1 .
In addition to the total state density ω (E), SPINDIS computes the density of states of given spin projection ω (E, M), and the density of levels of given spin
What is the maximum excitation energy at which calculations can be performed in our model? The single-nucleon wave functions are expanded in a spherical harmonic oscillator basis. This means that if too many oscillator shells were included in the calculation, the resulting nuclear state densities would steadily increase with Nuclei have finite binding energies and state densities are expected to reach a maximum well below the dissociation region, and to decrease at higher excitation energies up to the dissociation point. Therefore, we can either truncate the sequence of single-particle levels in such a way that yields a realistic behavior of total state densities when the excitation energy approaches the dissociation point, or we can limit our calculations to excitation energies that are well below the expected maximum, so that the resulting state densities are not very sensitive to the maximum number of single-particle orbitals included in the calculations.
In the present work we have chosen the simpler alternative. The calculations extend up to E max = 50 MeV, which is of the order of magnitude of the nuclear potential well, and therefore of the maximum allowed one-hole energy. This excitation energy is much lower than E * ≃ 2A MeV, (A is the mass number) at which the physical state density already shows significant deviations from a simple Bethe formula like behavior. At even higher energies, the state density can be approximated by a Gaussian curve decreasing to 0 around E * ≃ 8A MeV [19] . An application of the state density formalisms to heavy ion reactions, where excitation energies between 2A and 8A MeV are easily attained, necessitates a physically sound prescription for the truncation of the single-particle level scheme. One possibility, suggested in Ref. [20] , is to include, in addition to bound states, only those neutron quasi-bound states that are below the centripetal barrier and the proton quasi-bound states that are below the Coulomb plus centripetal barrier or, alternatively, quasi-bound states that have optical-model transmission coefficients less than 0.05. The extension of the present formalism to the energy region of interest in heavy ion reactions will be investigated in a future work.
Vibrational Enhancement
Until now we have explicitly considered only non-collective degrees of freedom in generating nuclear states at high excitation energy. The effective particlevibration coupling that leads to realistic single-particle spectra around the Fermi energy is treated phenomenologically by an energy dependence of the effective single-nucleon potential and, therefore, of the effective nucleon mass.
It is well known, however, that collective nuclear excitations give a sizable contribution to the total state density at low excitation energy, and therefore must be included in the model space in order to have a meaningful comparison with experimental data. Since the present analysis is limited to spherical nuclei, the collective enhancement of the total state density will be mainly due to surface vibrations of various multipolarities. The lowest-lying vibrational modes are the quadrupole, with spin-parity L π = 2 + and energy E (2 + ) ≃ 30A −2/3 MeV, and the octupole, with L π = 3 − and E (3
The effect of collective degrees of freedom on total state densities is conveniently illustrated by assuming the adiabatic decoupling of collective and non-collective excitations, approximately valid at excitation energies E much higher than the average, or characteristic, collective energy E c . This assump-tion is generally not valid in the energy range of interest to the present work, and is made here only for the sake of simplicity.
Let {E c } be the set of eigenvalues of a collective Hamiltonian. For any given eigenvalue E c , the effective excitation energy available to non-collective modes,is E * = E − E c , and the total state density is obtained by summing the combinatorial state densities corresponding to all effective excitation energies
provided that E c ≪ E. Let us introduce the temperature T corresponding to the excitation energy E, according to the definition
Eq. (16) can thus be rewritten in the form
The enhancement factor is the collective partition function Z coll (E) at temperature T (E).
We emphasize that the above derivation is not based on the assumption that the fermion system is in equilibrium with an external heat and particle bath, as required by a grand-canonical ensemble description. On the contrary, our fermion system is isolated, since the non-collective state density ω is calculated by a combinatorial method consistent with a micro-canonical ensemble description, and the definition (18) of temperature is based on Boltzmann's definition of entropy, S (E) = ln ω (E) + c, valid in the micro-canonical ensemble.
As was pointed out in Ref. [21] , the above micro-canonical description can be transformed into a grand-canonical one by observing that S (E) = S gc (E) + ∆S (E), where ∆S (E) goes to zero for E → ∞. Thus,
As a consequence we expect that, as soon as the excitation energy is high enough for a grand-canonical description to become applicable, the fermion system can be considered in thermal equilibrium with an external reservoir at a temperature T gc (E), systematically lower than the micro-canonical temperature T , derived from the combinatorial state density ω, at the same energy E. This is confirmed by Fig. 2 , which compares the grand-canonical and micro-canonical temperatures of 208 Pb as functions of E. We note that the micro-canonical temperature has been obtained by numerical derivation of an energy-smoothed state density, in order to avoid numerical divergences at energies where the original combinatorial state density displays discontinuities connected with the breaking of Cooper pairs. If the derivative in Eq. (22) is approximated by
the expression can be rewritten as
i.e. it relates a change in excitation energy in the micro-canonical system with a change of energy and entropy in the grand-canonical frame.
Once we are allowed to reformulate the equilibrium of our fermion system in a grand-canonical language, it becomes natural to express the collective enhancement factor, Z coll , in terms of a boson system in equilibrium with fermions at temperature T gc (E). The bosons represent collective fermion pairs treated in the random phase approximation (RPA), as shown in Ref. [22] , where the vibrational factor is expressed in terms of the energy and entropy of a gas of RPA phonons of both parities π i , and all multipolarities λ i
hω i is the energy of the RPA phonon of type i, with spin-parity λ
. In the present analysis we only consider the leading modes of both parities, namely the quadrupole ( λ (π i ) i = 2 + ) and the octupole ( λ
The average number of type-i phonons is given by a Bose distribution corrected for damping effects [23] :
where the temperature dependence of the damping factor γ i is taken from the Landau theory of Fermi liquids. The numerical coefficients are determined by a consistent description of collective levels and neutron resonance data [24] 
In the limit T → ∞, Eqs. (28) and (29) give n i → 0 and, consequently lim T →∞ Z coll = 1.
In principle, because the combinatorial algorithm [15] exploited by SPINDIS can be also applied to bosons, the vibrational enhancement can be described directly in the micro-canonical frame. A similar procedure is followed in Ref. [12] , where a three-variable generating function is used, whose expansion coefficients give the multiplicities of states of given boson number and spin projection at a given excitation energy. In the latter approach, however, the damping of collectivity , which is quite natural in the finite temperature description of Eq. (28), is introduced by truncating ad hoc the boson generating function at n max = 3, with the justification that states with higher boson number are rather weakly collective.
Neither of the two approaches to the vibrational enhancement is, however, very satisfactory from a theoretical point of view. Both treat the excited nucleus as an assembly of independent fermions and bosons. This approximation might be acceptable, and is confirmed a posteriori by comparison with experimental data, if we limit ourselves to the calculation of total state densities (16) . A reliable description of partial state densities of given spin and parity, on the other hand, necessitates a consistent treatment of the boson-fermion interaction, by taking properly into account the microscopic structure of bosons as collective fermion pairs.
For the sake of completeness, we should also mention the approach of Ref. [25] , where nuclear state densities are described in the grand-canonical formalism.
The single-nucleon states are calculated in the Skyrme-Hartree-Fock approximation. The pairing interaction is treated in the standard BCS approximation. Although the calculation of nuclear state densities does not include any explicit vibrational enhancement, this effect is implicitly taken into account by adjusting the excitation energy and entropy so as to reproduce empirical data, such as the cumulative numbers of discrete levels and the neutron resonance spacings.
Since the present analysis is limited only to spherical nuclei, we consider only the vibrational enhancement of state densities. The extension to deformed nuclei will require, in addition, a rotational enhancement, as well as an appropriate treatment of the coupling of rotations and vibrations. The latter coupling is frequently neglected in state density calculations, thus leading to a significant overestimate of the collective enhancement around its maximum, as shown in a recent evaluation [26] of this effect in the framework of the interacting boson model.
Numerical Results
In this section we discuss and compare with experimental data the results of illustrative calculations of total level densities of few magic and semi-magic nuclei.
A crucial parameter of our calculations is the density of single-particle states at the Fermi energy. The single-nucleon spectra are calculated with the relativistic mean-field model with energy-dependent effective mass. For the initial parameterization of the effective Lagrangian (meson masses and mesonnucleon couplings) we have chosen, instead of the NL3 effective interaction [27] adopted in Ref. [3] , the older parameter set NL1 [28] . Even though NL1 is admittedly inferior to NL3 in reproducing the bulk nuclear properties, it yields a more realistic magic gap E h 9/2 − E s 1/2 in 208 Pb, considered also in the present work. For this reason, NL1 has also been adopted as the starting parameterization in the recent analysis [29] of shape coexistence phenomena in the Pt-Hg-Pb region.
In addition, the half-width of the interval in which the σ and ω mean-field potentials are assumed to be linearly dependent on energy, has been reduced from 10 to 5 MeV. In this way more realistic energies of the single-particle states above the Fermi surface are obtained, which have a particularly strong effect on the calculated total level densities.
The linear energy dependence of the σ and ω mean-field potentials is determined by the parameter α in Eq. (9) . For 208 Pb α is adjusted in such a way the calculation simultaneously reproduces the binding energy of 208 P b, the cumulative number of discrete levels as a function of excitation energy, and the s−wave neutron resonance density in 208 P b, i.e. the compound nucleus produced in the 207 P b + n reaction. Since no experimental data are available on the total level density at higher excitation energy, we did not include the collective enhancement factor. The comparison of the results of the model calculation with available experimental data, as well as the total level density predicted up to E = 50 MeV, are shown in Fig. 3 .
For lighter spherical nuclei, there are experimental data on total level densities mainly below 20 MeV excitation energy, where the vibrational enhancement factor discussed in Section 4 is expected to play a significant role. This is indeed the case for the semi-magic nuclei 114 Sn and 60 Ni, whose calculated level densities are compared with experimental values in Figs. 4 and 5, respectively. Both cases display an excellent agreement between theory and experiment.
The input parameters used in the calculation of the three illustrative cases are collected in Table 1 (parameters of the relativistic mean-model), and Table 2 (the parameters α of the energy-dependent effective mass, the pairing strengths and the phonon energies). In particular, we note that the parameter α increases almost linearly with mass number A, as expected from the general considerations of Section 2.
Conclusions and Perspectives
The relativistic mean-field model with energy-dependent effective mass, introduced in Ref. [3] , exhibits realistic densities of single-nucleon states at the Fermi energy. When coupled to the combinatorial algorithm SPINDIS for treating non-collective excitations of a nucleus, and to a simple vibrational partition function for collective excitations, the model yields total level densities in agreement with experimental data in magic and semi-magic nuclei.
Not surprisingly, our results are also in overall agreement with the grandcanonical calculations of Ref. [25] , at least in the energy range from the neutron binding energy to 50 MeV, in the three cases we have examined.
The present work opens the way to two possible studies, i. e. the fully microscopic description of spherical nuclei, and the extension of the phenomenological description to deformed nuclei.
The former approach implies the replacement of the energy dependence of the mean-field potentials with a fully microscopic coupling between the fermion degrees of freedom and the phonons generated in a relativistic RPA formalism, and removes the approximations made in the evaluation of the vibrational enhancement factor. The present phenomenological model could be extended to deformed nuclei, making it fully competitive with the non-relativistic self-consistent methods based on effective nucleon-nucleon interactions. When applied to nuclei far from the valley of stability, the model is certainly much simpler than a fully microscopic approach. It is, however, nontrivial and requires an investigation of the effect of coupling of different collective modes, such as rotations and surface vibrations, not only with the fermion degrees of freedom, but also among themselves. The latter coupling, often neglected in the level density formalisms, is expected to play an important role in the energy range considered in the present work. Table 2 The parameters of the linear energy dependence of the effective nucleon mass, the pairing strengths (from Refs. [30, 31] ), and the phonon energies (E(2 + ) = 30/A 2/3 MeV, E(3 − ) = 50/A 2/3 MeV) used in this work. , and compared with experimental data from Ref. [34] . In the inset the calculated cumulative numbers of discrete levels (CNL) (solid line) are shown in comparison with the experimental values [33] . Fig. 4 , but for 60 Ni. The experimental data for the level density are from Ref. [35] .
